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A procedure for calculating Clebsch-Gordan and Racah coefficients arising from the
decomposition of n-fold tensor products of the U(N) groups using symbolic manipulation
programs is given. Basis states are realized as polynomials in a space equipped with a differen-
tiation inner product. The desired coefficients are then obtained by differentiating the relevant
polynomials. Examples from SU(2) and SU(3) are given.  © 1989 Academic Press, Inc.

1. INTRODUCTION

The Clebsch-Gordan and Racah coefficients for SU(2) were computed in closed
form many years ago [1]. Attempts have been made to compute these coefficients
for other compact groups such as SU(N), but as N gets large, the complexity of
these coefficients also grows rapidly.

Clebsch—Gordan coefficients arise in the decomposition of n-fold tensor products
of irreducible representations of a group into a direct sum of irreducible representa-
tions [2]. Let |y, XD be a basis state in an irreducible representation space of a
compact group; here y labels the irreducible representation and X the basis in the
representation space [3]. A basis for the n-fold tensor product can then be written
as tXn X1> "'\Xn, Xn>

But if the tensor product space is decomposed into a direct sum of irreducible
representations, basis elements of the form |y, Y, ) will also span the space (Y is
some (possibly new) basis label and # is a multiplicity label, distinguishing between
equivalent representations in the n-fold tensor decomposition.) The Clebsch—
Gordan coefficients are then defined as the overlap between these two basis sets,
namely <y, ¥,nl{l[x, X, lx2X2) - |x,X, > }. For tensor products with n> 2 there
are many different ways in which one can choose the 7 label in |y, ¥,%). One
possibility is to use a stepwise coupling scheme in which the 1-2 representation
spaces are first coupled together, then the third representation space is coupled to
the 1-2 tensor space and so on. Denote any stepwise scheme by a capital letter.
Then the Racah coefficients are defined as the overlap between different stepwise
coupling schemes, ie., {x, Y, nlx Y, nz).
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Rather than finding a general closed form expression, we want to obtain these
coefficients on a computer using a symbolic manipulation program. This will be
done by realizing the irreducible representation spaces as polynomial spaces with a
differentiation inner product. Orthogonal basis states |y, X> are then polynomials
in certain complex variables. If |, Y, ) can also be realized as a polynomial, then
coefficients such as Racah coefficients can be obtained by using the differentiation
inner product to calculate {y, Y, n,|x, Y, #5). Since the polynomial realizations of
states like |y, Y, #)> can be long and complicated, we want to define a procedure by
which a computer can do the actual work needed to obtain the desired coefficients.

In this paper we will focus attention on n-fold tensor products of U(N). Since
U(N) and GL(N, ¥) have the same irreducible representations, we will actually
work for the most part with GL(¥, €). In previous papers we have shown how all
of the irreducible representations of GL(N, €) can be realized as polynomial spaces
with a differentiation inner product [4]. The spaces discussed in Section 3 are
generalizations of the holomorphic Hilbert spaces introduced by Bargmann to
decompose tensor products of SU(2) [5]. Our differentiation inner product is
also related to the boson calculus, see Ref. [1]. Though we work as much as
possible in a basis-independent fashion, since Clebsch-~Gordan coefficients are
basis dependent, we make use of polynomial representations of GL(N, ¥) in a
Gelfand-Zetlin basis, as discussed in Ref. [6]. This material will be briefly reviewed
in Section 2.

In Ref. [7] we have shown how to obtain the states |y, Y, n> for U(N) as poly-
nomials. This material will be reviewed in Section 3. Finally, in Section 4 we show
how to compute Clebsch-Gordan and Racah coefficients. Section 5 shows how to
connect these results with the well-known coefficients for SU(2). Though
Clebsch~Gordan coefficients for 2-fold tensor products and Racah coefficients for
3-fold tensor products are known in closed form for SU(2), we will not confine our-
selves to just these coefficients, but deal immediately with the n-fold case. The paper
concludes with examples from SU(2) and SU(3) in Section 6.

2. PoLYNOMIAL REPRESENTATIONS OF U(N)

Let B be a (Borel) maximal connected algebraically solvable subgroup of the
general linear group GL(N, #). Then a theorem of Lie states that every finite-
dimensional irreducible representation of B is one-dimensional. If we take as a
concrete realization of B the lower triangular subgroup of GL(N, €), then an
irreducible representation n: b - n(b), b€ B, is of the form

n(b)=bT --- bR,

where (m)=(m,,..,my) is an N-tuple of integers. If (m) is dominant, ie.,
my=m,> ---my>0 then we set 7 =n"". Fix ™ and let ¥ denote the complex
vector space of all polynomial functions /- ">~ — ¢ which satisfy the covariant
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condition f(bz)=n"(b) f(z) (V(b,z)eBx€"*") and let R" denote the
holomorphically induced representation of GL(N, €) on V™ given by right transla-
tion, i.e., (R"™(g) f)(z)= f(zg), g€ GL(N, €); according to the Borel-Weil theory
R™ is irreducible and its highest weight is indexed by (m). Moreover, if we restrict
this representation to U(N), it remains irreducible. Finally, if we equip V" with
the “differentiation” inner product

£, f)= LDV (E): o (2.1)

where f(D) denotes the differential operator obtained by replacing z; by the partial
derivative 0/0z;; (1<i, j<N), then the representation of U(N) on V" is unitary
(cf. [4]).

The U(N)-module V™ just given is basis independent. A convenient basis was
constructed by Gelfand and Zetlin (cf. [8]) in the following fashion:

For any U(N)-module V'™, the restriction of R to U(N — 1) gives a reducible
representation of U(N — 1), in which each irreducible representation of U(N—1)
occurs at most once. By applying this result to the chain of subgroups
UN)DUN—1)> ---2U(1), we can label a state vector |y, X)> by the
Gelfand—Zetlin pattern with y = (m):

my My - my v
my N My 1 Nv-1
Yo . ‘ B
my, My
my,

m;=m;y, 1 <i<N. The polynomial corresponding to |y, X) is given in Ref [4].
Here it suffices to note that for the representation with signature (m, 0, ..., 0), the
polynomial realization of

m 0, ..., 0
| (m, 0, ..., 0),
my
is given by
Py xy(2) =270 277 e 2y T (2.2)

for all ze €V > ",

3. n-FoLp TENSOR ProbUCTS OF U(N)

We now want to consider s-fold tensor products of representations of U(N) with
signatures of the form (M, 0,..,0), 1 <i<n, where the M, are positive integers.
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The general case, where the entries after M, are not all zero, is discussed in Ref. [9].
From Theorem 2.11 of [7] an n-fold tensor product space of representations with
signatures (M;, 0, ..., 0), 1 <i<n, can be given by

HM) = fMi. . My) {f: €N G| f(dz)=d " ~-~d,’,”"f(z)
S polynomial in z; (d, z)e D, x €"*"}, (3.1)

where D, is the diagonal subgroup of GL(n, €). Again, the group GL(N, €) acts on
H by right translation. And if we equip H'*’ with the inner product given by
Eq. (2.1), then again the representation of U(N) on H*) is unitary. For example,
a three-fold tensor product of U(4) would have a Gelfand—Zetlin tensor basis (given
by Eq. (2.2)) of the form

1 1 1). 2 2 2). 3 3 3
|ml’X(3 )X(2 )X(l )’mZ’Xg )X(2 )X(l )sm3ng )X(ZJX(I )>

3

_ X(i) XJ—X' Xmlxm m,_X(lJ

=[] 28z Nzl M=
i=1

We now make use of the observation that the left action of GL(n, ) defined by
[L(h) fUz)=f(h"'2),  heGL(n %), (3.2)

f a polynomial function in ¢”*", commutes with the right action of GL(N, 4).
Hence if we want to see how an element |(m), X) sits in H™), it suffices to find a
map from V'™ to H™), Since in general isomorphic copies of ¥ occur more than
once in H'™), we should write |(m), X, n), where 5 labels the multiplicity. (In fact,
according to Corollary 2.7 of [7], this multiplicity can be expressed in terms of the
dimension of a specific weight subspace of V.)

Now assume that the basis element |(m), X, ) is given as a polynomial in V"™,
To find operators that map |(m), X into H™), we make use, of the fact that the
Lie algebra of the left action L(4) defined by Eq. (3.2) has a basis given by

N d
L,=Y zy—, 1<ij<n (33)
=0z

As shown in Ref. [7], repeated application of the L, operators will send |(m), X >
into H*), More specifically, since |(m), X belong to V™, we have the polynomial
corresponding to |(m), XD, p,om) x>(2), satisfying

pi(m).X)(dz)szl < d Py, x5(2), v(d, Z)EDNX%NXN-

The operators L, generate a universal enveloping algebra % and Ref. [7] shows
that there always exist elements in %, denoted by P,(L;), such that if p,.,) v ,5 =
Py(Ly) P\, x> then

pl(m).X.n)(dZ) = dlxul - 'dy"P|(m),X,r,>(Z),
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for all de D, and all ze ¥"*". Note that the label # indicates the multiplicity of
different ways that p,,, x» can be sent into linearly independent vectors in H™.

Assume now that a procedure has been given for obtaining polynomial states
Pyomy, x.n>- Then Clebsch-Gordan coefficients are given by

{ﬁ (M), Xz}> = (P|(m),x,y,>{_l Py, X,-)}) (34)

and Racah coefficients by
{m), X,n4l(m), X,np>= (P|(m),x.,“>’ pl(m),X,r]g))’ (3.5)

<(m), X.n

where in Eq. (3.4) and (3.5) (-,-) denotes the inner product defined by Eq. (2.1) and
in Eq. (3.5), n, and # are two multiplicity labels.

We must now give a more definite procedure for obtaining p.,) x.,, from
Pim). x>~ This is done in the next section.

4. CONSTRUCTION OF THE |(m), X, 1) POLYNOMIALS

Thus far in the discussion we have been rather vague about the multiplicity label
n: The reason is that multiplicity can arise in different ways and the labels chosen
are often dictated by the underlying physical problem. For example, in n-particle
systems, in which the decomposition of n-fold tensor products of the same represen-
tation with signature (M, 0, ..., 0) is needed, one of the labels can come from the
symmetric group acting on the same tensor product spaces. If the n systems are
bosons, then only the symmetric representation is allowed. In this paper we will use
the different coupling schemes possible in the n-fold tensor product to label
the multiplicity which, as we shall show, is equivalent to using the eigenvalues
of the Casimir operators of the left action L of various subgroups of GL(n, %)
on the linear space 2'™(%¥"*") of all homogeneous polynomials of degree
IM{=M,+ - + M, of € " as multiplicity labels. Note that 2'™(¢"*") contains
H™ and is invariant under the left action of L of GL(n, €) (cf. Theorem 3, Sec-
tion 56 of Ref. [10]). The assertion that a multiplicity label can always be assigned
without ambiguity rests on a theorem of H. Weyl (cf. [10, Chap. XTI, Section 807)
which can be stated as follows:

If (m,, .., my) is the signature of an irreducible representation of GL(N, %) and
if (M,0,..,0) is the signature of another irreducible of GL(N, #), then the
Clebsch—Gordan series of the tensor product of the two representations above is
given by

(mla---s mN)@(Ms 0’ ey 0)= Z (m1+uls“"mN+”N) (41)
I Esu,:— llji M

where s;,=m;—m,, |, I<i<N-1
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The crucial point to observe here is that the Clebsch-Gordan series (4.1) is
multiplicity free. Thus, if two isomorphic copies of an irreducible represen-
tation of GL(N,¥) occur in the decomposition of the tensor product
yiMi0.-0 @y ... @ pMr0-0 which is isomorphic to H™~Mx  then by Eq. (4.1)
they must originate from two inequivalent representations of GL(N, ¥) occurring in
some intermediate step, say (V100 ... @ PIM-10-0)y @y p(ML0.-00 5 i n,
of this tensor product. Hence, one might use, for example, the coupling scheme
(---({(1,2),3),4)---, n) to label multiplicity, which, as we now show, is equivalent
to using the Gelfand—Zetlin labels of the left action L of GL(n, ¥).

First we use the theorem of H. Weyl given by Eq. (4.1) and infer that any
irreducible representation with signature (m,, ..., m,) occuring in the n-fold tensor
product must come from irreducible representations that occur in the preceding
chain. The signatures of this chain can be listed in the following matrix

[ my, ,m, ] « nth stage
My qyeMy g, o, 0 « (n— 1)th stage
My ey, 0---0 « jth stage

| M0 0 | « l1st stage.

M,

Weyl’s formula implies immediately that no two matrices above are identical, and
hence the Gelfand tableaus are all distinct. In fact they correspond to the left action.
of the chain of subgroups GL(n,4)>GL(n—1,4)> --- >GL(1,¥). Finally we
use a theorem of Chevalley (see, e.g., Refs. [10, 11]), which states that for every
semisimple Lie algebra of rank r there exists a set of r Casimir operators whose
eigenvalues characterize the finite-dimensional irreducible representations; these
eigenvalues then label the distinct states of the (dual) left action and distinguish
the same states equivalent under the right action. An analogous argument can be
applied to any other coupling scheme, only the form of the matrices above is
changed. A solution to the multiplicity problem is thus found if we ensure that all
matrices occurring in a coupling scheme are distinct.

So we have a solution to the Clebsch-Gordan problem. But more importantly,
the freedom to use various coupling schemes will lead us to solutions of other
interesting problems such as computing the Racah coefficients or constructing bases
of irreducible representation spaces of GL(n, ¥) with respect to different chains of
its subgroup, not necessarily the chain GL(n, )>GL(n—1,%)> --- > GL(1, %).
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We will deal with this basis construction in a forthcoming paper. For the moment
let us remark that if 7, denotes the Gelfand—Zetlin multiplicity label above and
if np is the multiplicity label coming from a different coupling, for example, the
coupling scheme (---({n,n—1),n—2)..,1), then a Racah coefficient may be
defined by Eq. (3.5).

Now we can show how the polynomial p,,, v, is computed. First consider
0.0 @y ... @ ytMn0-0) 39 the exterior tensor product of »n representation of
GL(N, €). The group action is given by

H® - ®f,>R(g)i® - ®R(g) 0, (4.2)

where f,e VM09 o e G, (1<i<n), and each G, is a copy of GL(N, €). Then
according to Corollary 2, Section 62 of [10] (see also [11, Chap. 10]), the Casimir
operators of each individual G, generate the center of the action given in (4.2) and
their eigenvalues uniquely determine the signature of this exterior tensor product
(cf. Theorem 3, Section 61 of [10]). If the action (4.2) is modified to

[i® - ®f,2>R(g)/i® - QR(gi_ 1) fi-1®[R(g) fi® --- QR(g) fiv1 1]
®R(gi+) fiv1® - QR(g,) [fas (4.3)

where i varies between 1 and n and i+/— 1 <n, then it corresponds to coupling
yMi0.-0 @y .. @ yMi+r0-0) together; in particular, if i=1 and /=n, we have our
Kronecker (interior) product V*1:9-0g ... @ yMn0.--0 Again, according to the
references just quoted, we have a set of Casimir operators of /-fold coupling which
uniquely determine the spectral decomposition of this /-fold Kronecker product.
Note that this assertion is true because the various coupling schemes are stepwise
multiplicity free due to Weyl’s formula (4.1).

It is not hard to compute these Casimir operators; however, for each coupling
scheme we have to use a different set of infinitesimal operators of the right action
GL(N, €). It is much easier to use the theory of dual pairs to achieve the same goal.
Indeed, by Theorem 3, Section 56 of [10] (see also [12]) the dual action to
the GL(N, #)-action (4.2) is just the left action of L of GL(n, ¢) on 2™ (g"*")
restricted to the subgroup of GL(n, ¢) which consists of eilements of the form

I, © 0
0 u 0 . ueGL(l %), (4.4)
0 0 In—(i+l—1)

where I, denote the identity matrix of order k. Theorem 3, Section 56 of [10]
shows that the eigenvectors of these left Casimir operators are exactly the same as
the right Casimir operators described above. But the Casimir operators of the sub-
groups of the form (4.4) are easy to compute. Indeed, let us fix i and / and let
M = M(i, l) denote the matrix with entries L,,, 1 <r, s<i+/— 1, where the L,, are

581/80/2-14
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defined by Eq. (3.3); then the Casimir operators corresponding to this subgroup
action are given by

tr(M?),  0<p<] (4.5)

where tr denotes the trace of a matrix.

Now suppose ¥V occurs in H" with multiplicity u and let p,, x> be a polyno-
mial basis element of V). Then, as discussed in Section 3, there exist u linearly
independent intertwining operators P (L), .., P,(L,), belonging to the universal
enveloping algebra % which send p,,, v, into u linearly independent vectors of
H™). We can now apply the Casimir operators (4.5) to diagonalize the vector space
spanned by these u vectors and thus obtain u orthogonal vectors in H™) which
represent the same state |(m), X ). The fact that the Casimir operators (4.5) can be
simultaneously diagonalized stems from the fact that they form a maximal set of
commuting operators (see, e.g., [11, Eq. (34), p. 283]) which are also Hermitian
(this follows immediately from the fact that L} = L ;). In theory, one must make use
of Casimir operators of all orders, but in practice the quadratic Casimir operators
will generally suffice to break the multiplicity. Actually if we use the coupling
scheme (---(((1, 2), 3), 4).., n), then p,, x> is the Gelfand-Zetlin basis element
for the left action, and hence we can use, for example, Theorem 5, Section 68 of
[10] with the right action replaced by the left action. Then the Clebsch—Gordan
coefficients are just the overlap between the tensor product basis and the
Gelfand—Zetlin bases of the left action. For the Racah coefficients we must also use
other coupling schemes. One extreme would be a completely symmetric (or
antisymmetric) scheme whose states would be labelled by representations of
the symmetric group. We suspect that this scheme will lead to the well-known
relationship between representations of the symmetric group and that of the general
linear group.

To illustrate our procedure we show how to connect our results with previously
known results for SU(2). Once this connection is made, we can proceed with n-fold
and not just 2- and 3-fold tensor products.

5. n-FoLp TENSOR PRODUCT REPRESENTATIONS OF SU(2);
CLEBSCH-GORDAN AND RACAH COEFFICIENTS

Angular momentum operators associated with SU(2), J,,J,,J; satisfying
[J,, J;]1=ieuJ, are usually rewritten to get raising and lowering operators with
commutation relations

[JS’Ji]z_‘tJiy[J+9J——]:2J3, (5.1)

where J, =J, +iJ,. The state vectors |, m) are defined so that

Jiljymy=mlj,m>, J |jymy=JUFmtm+1)|jm+1).
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The (quadratic) Casimir operator is

JP=JivI3+J =T, J_—J+J3

so that J2|j,m) =j(j+1)|j,m), j=0,3,1, 3, etc. Consider two angular momen-
tum states |j,,m;) and |j,, m,), then the Clebsh-Gordan coefficients C%.72,, =
{J,m, jy, jolj1, my, o, my )y are defined by the equation

|jl’m1> |j2am2>= Z <J’ m7j1’j2|jl’ml,j2’m2> ‘Js m’jl’j2>’

im
where |j, m, j,, j,) represents the coupled states. If we couple three states we get

s m) 1o my) 1 js, my) =Z C(12) | J12> Myas j1s Ja) 1iss ma)

12

—_ if- 3 i 12 . . s . 3 . .
_'Z Z C”mlrzrﬂzmgcjrirzljzlmlmz‘]’m’112111a12’13>

Jym jia,mp
with inverse
s M J12s J1s J2s J3D =z Cﬂr;.lfnjfzmgcjr'rf.%z,mz |y my ) oy mad 1 js, my)
= Z Cﬂr;:l;zrfzmg Cj;nulj;lrf;zlmz erfz?nj;;mg C",,?,’J;sml M a3 J1s J2s J30-
A Racah coefficient can then be defined as
Rﬁ’,‘;ﬁf =M, Jroy jid2Jslims Jnndij2js)
EZ CCCC,

ie., normally Racah coefficients are sums of products of four Clebsch-Gordan
coefficients. It can be shown that they are independent of m but depend on j. This
procedure clearly can be generalized to couplings involving more than three
angular momentum states.

A concrete realization of the Hilbert space generated by the state vectors |j, m)
can be given by setting

V/={f:€***> €|/ polynomial, f(bz)=b}1b5/(2)},

where z = (! i) belongs to ¥>*?, and b= (5! 2 ) belongs to the lower triangular
subgroup B of GL(2, ¥). The inner product on V7 is given by Eq. (2.1). The right
action of GL(2,%) on V/ is defined by [R(g) f1(z)=f(zg). A basis for the

infinitesimal action of SU(2) on ¥/ is given by
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0 0
Ji=zy5— oz, + Z31 0222
0 0

J_

=Zipa—tZpa—
0z, 0z3

7 1 . 0 + 0 0 , d
= - —_— zZ - — _— h—
3 2 1 62“ 2 6221 2 8212 2 5222

which reproduces the basis for the Lie algebra with commutation relations given by
Eq. (5.1). Polynomial basis states are given by p;,.(2) =zKk gl =*|z1% with
m=k—3(p; + ) and 2j= pu, — u,. Thus for any fixed j, m, there is a set of k, p, p,
that gives the state |j, m). This ambiguity reflects the fact that many inequivalent
representations of GL(2, %), when restricted to SU(2), give the same irreducible
representation of SU(2). The simplest choice which gives a unique j, m is to choose
U, =0 and set u, = M. Then the actual correspondence becomes m =k — M/2 and
2j= M so that a normalized state vector, which we shall denote by the same symbol
|J, m>, is given by

Z_1+m2115m

(+m) (j—m)

ljsm) =

With this choice the angular momentum operators become

0 d 1 0 d
Jy=zy5— J_=zp—, J3=§(z —_—— ——)

- =2 11 12
0z, 0z, 0z, 0z,

We now consider an n-fold tensor product
le® ® Vj"zH(M)
= {f:4"*? > €| f polynomial and f(dz)=d?}" ---d ) f(z)}

for all de D,, the diagonal subgroup of GL(n, %), and all ze ¢"*% The relation-
ships between the M’s and the j’s are given by M;=2j;, 1 <i<n.

Define a right action (resp. left action) of GL(2, €) (resp. (GL(n, %)) on #'™' by
the equation

[R(g) f1(z)=f(z8), g GL(2, %) and [L(h)f1(z)=S(h""z), he GL(n, €).

2
0
v=ZX 2z
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The Casimir operator of first order for this left action is known as the number
operator Ai=Y"_, L. If we apply # to a tensor basis element of H'*, we obtain

ﬁljl’ml>"'|jn5mn>=(2j1+ +2.]n) |j1’ml>"'|jn5mn>'

Thus 7 is the scalar operator 2j, + --- +2j,. Now we want to map a state |j, m)
into V'® --- @ V~. (Remember that this state is represented by the polynomial
function p; ,.,(z) =z #2243~ %|z|*2) Then it follows that #|j, m> = pu, + u,. So we
get the condition p; + py=2j,+ -+ +2j,. Also, 2j=p, — 5, so these two condi-
tions fix p; and u,;ie., the relations pu, + u, =2j, + -+ +2j, and u, — u, = 2j imply
that y,=(,+ --- +j,)+jand p,=(j, + --- +j,)—j. Now we also have

k=m+ 3 +p)=m+(,+ - +j,)

Therefore, for fixed j, ..., j,, and j, m, the values of y,, p,, and k are uniquely deter-
mined. So the procedure is to map a state |j, m) into H'™) by using products of
left operators, which are intertwining operators for the right action, and thus do
not change the |j, m) transformation properties. Once these elements are in H'™),
we have a state vector |j,m;j, ---j,n>, where n is a multiplicity label. Then
omsji- o juttlJismy) -+ ju, myy will give Clebsch—-Gordan coefficients, while
yms jy o gl jom, jy --- jo, ' give Racah coefficients (1 is another multiplicity
label).

6. EXAMPLES

We have written programs using SMP that allow us to carry out our procedure
for computing Clebsch-Gordan and Racah coefficients of n-fold tensor products of
irreducible representations of GL(N, ) for large n and N. In this section we give
two examples to illustrate this procedure. The first example deals with a 4-fold
tensor product of representations of SU(2) and the second deals with a 3-foid
tensor product of representations of GL(3,%). Conforming to the notation of
Section 5, we consider the tensor product of representations of SU(2) which are
labelled by j, =3, j,=1, j;=1, j,=3, respectively. We immediately have the
spectral decomposition

M ()®(3)=4)@3(3)®5(2)D5(1)D2(0), (6.1)

where in Eq. (6.1) the coefficients of the signatures denote the multiplicity of the
irreducible representation occurring in the decomposition. The corresponding
formula at the level of GL(2, %) is

(LO)®(2,0)®(2,0)®(3,0)=(8,0®3(7, ) D5(6,2) ®5(5,3)D2(4,4)  (62)
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which can be obtained by repeatedly applying Formula (4.1) and by using, for
example, the coupling scheme (((1, 2), 3), 4)

(1.0)®(2,0)=(3,0)®(2, 1)
[(1L0)® 2018 (2.0)=(.004 NOE VS H VO E2)

(8,0)®(7, N®(62)® (5, 3)

(71, 1N@(6,2)®(53)@(4,4)
[[(1,0)®(2,018(2,0103,0= ({ ®6DDE3)

(7, 1)®(6,2)®(53) (4. 4)
(6,2 (5,3). (63)

Let us concentrate on the representation of signature (1) which occurs with multi-
plicity 5. Then it follows from Eq.(6.3) and the scheme described in Section 4
that there exist five linearly independent intertwining operators, for example,
Ly Ly, Loy L3y, Ly L3 L3, Ly, L3 L3, L LYy, L3 Ly Ly L3, Ly, and L3, L3, L5,
that send the GL(2, ¥)-module ¥*>¥ into the GL(2, €)-module H''>*3)(®**?),
Here L; is given by L,;=3Y7_,z,(6/0z;), 1 <i, j<4. Recall that we have the left
actions of GL(/, ¢), 1 <I/<4, on H"?>% given by Eq. (4.4). It is well known (see,
e.g., [10, Section 59]) that if a representation of GL(/, ¥) has signature (m,, ..., m,)
then its quadratic Casimir operator has eigenvalues

!
Y mi+ Y (m—m,). (6.4)
i=1 1gi<jg!

Now if we use the coupling scheme (((1, 2), 3) 4), then we have the chain of sub-
groups GL(1,4)c GL(2, )= GL(3,4) = GL(4, ¢) acting on H'"*%¥ to the left.
According to Theorem 3, Section 56 of [12] and Egq. (6.3), the right GL(2, ¥)-
modules with signature (5,3) correspond to the left GL(4, ¥)-modules with
signature (5,3,0,0) in the final coupling (((1,2),3),4). In the intermediate
coupling ((1, 2), 3) the GL(2, ¥)-modules with signature (3,0), (4, 1), and (5, 0),
respectively, correspond to the left GL(3, ¢)-modules with signature (3,0, 0),
(4, 1,0), and (5, 0, 0), respectively. In the intermediate coupling (1, 2) the GL(2, €)-
modules with signature (2, 1) and (3, 0) correspond to the left GL(2, ¢)-modules
with signature (2, 1) and (3, 0), respectively. Thus, according to Eq. (6.4) the left
quadratic Casimir operators C;, and C,,; corresponding to the intermediate
couplings (1, 2) and ({1, 2), 3) have eigenvalues 6, 12, and 19, 25, 35, respectively.
Since (5, 3) occurs with multiplicity 5, we can see that these two quadratic Casimir
operators C;,, and C,,; suffice to break this multiplicity and diagonalize the com-
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ponent with signature (5, 3) in H>23, Now if we use the coupling ((1, 2), (3, 4)),
then we have the spectral decomposition

(10)®(2,0=(3,0821)
(2.0)®(3,0)=(50)@ (4, N®(3,2)
(8.0@ (7, 1S (6,25 3)
7,1 6,2 53 4,4
[(1L0® 018200 3,01=] L2EBDOLITRY ()
®(6,2)0(5,3)9(7, N®(6,2)

®(6,2)8(5,3)8(53)0 (4,4)

which corresponds to the left action of GL(4, ¥) and its subgroup

GL(2, %) 0
< 0 GL(2, qg))'

Again in Eq. (6.5), the right GL(2, ¢)-modules with signature (5, 3) correspond to
the left GL(4, ¥)-modules with signature (5,3,0,0) in the final coupling
((1, 2), (3, 4)). In the intermediate coupling (3, 4) both the left and right GL(2, €)-
modules have signatures (5,0), (4,1), and (3,2), respectively. According to
Eq. (6.4) the quadratic Casimir operators C,, and C,, corresponding to the inter-
mediate couplings (1,2) and (3, 4) have eigenvalues 6, 12, and 30, 20, 14, respec-
tively. Again, we can see that the quadratic Casimir operators C,, and C,,, suffice
to break the multiplicity and diagonalize the component with signature (5, 3) in
H>23) Below we will exhibit matrices of Racah coefficients given by our SMP
program. Conforming to the notation of Section 5, we set j=1, j, =%, j,=1, j; =4,
and j, = 3, and since the Racah coefficients do not depend on the label m, we can
take m to be the highest weight 1 which corresponds to the Gelfand label (). For
multiplicity labels we take

N, 1<k, I<5,

where 1’ corresponds to the coupling scheme (((1,2), 3),4) and the index i is
allowed to successively take the values of the ordered pairs (12, 35), (12,25),
(12,19), (6,25), (6,19) which correspond to the eigenvalues of the Casimir
operators C,, and C,,;. Similarly, n” corresponds to the coupling scheme
((1,2),(3,4)) and k ranges over (12, 30), (12,20), (12, 14), (6, 20), (6, 14). And
finally, " corresponds to the coupling scheme (1, (2, (3,4))) and / ranges over
(30, 39), (14, 39), (20, 39), (20, 33, (14, 33) which corresponds to the eigenvalue of
the Casimir operators C,, and C,3,. So
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<ja m, jl’ij j3’ j47 n;ljv m, jl’j29 jla j4s ’71:'I>

[ (B (37 0 0
(#'7? B ()" 0 0
=& -G § 0 0
0 0 0 3 (3"
L 0 0 o @7 i
<jsm’jl9j29j3’j4an;lj9majl’j2aj31j4sn/m>
IR ) R € A € ) R € ) R
2 GT B - -
={»” & @7 @2 @7,
o - @ § -
[ 0 ()17 3 (2 5

and

<j’ m, jl’jZ’ j39 j4a r’llc,’J’ m, jl’j27 j37 j4’ r,[m>

1 0 0 0 0
0 0 i -G” o0
=0 -3 0 0o ("7
o 0 " i 0
o @2 o o

Let us now turn our attention to an example of a 3-fold tensor product of GL(3, %).
As we shall see, in this example all the multiplicity can be broken by a single quad-
ratic Casimir operator. We consider the tensor product of three irreducible
representations of GL(3, ¢) with signature (4, 0, 0), (4,0, 0), and (2, 0, 0), respec-
tively. We immediately have the spectral decomposition

(4,0,0)®(4,0,0)®(2,0,0)
=(10,0,0)®2(9,1,0)®3(8,2,0)® (8,1, )P 3(7, 3,0)

®2(7,1,0)@3(6,4,0)®2(6,3, 1)@ (6, 2,2)

®@(550)02(5,4,1)D(4,4,2). (6.6)
Though our SMP program has completely decomposed this tensor product, we will
show the result only for the representation with signature (7, 3, 0) which occurs in
this tensor product with multiplicity 3. First, the three linearly independent inter-
twining operators L, L3, L3 Ly,L,,, and L3, L3, send the GL(3,%¥)-module

V(730 into the GL(3,€)-module H**2(%>*3). Second, if we use the coupling
scheme ((1, 2), 3), then according to Formula (6.4) the quadratic Casimir operator
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C,, of the left action of GL(2, €) has eigenvalues 56, 44, and 36 which correspond
to the representations of GL(2, ¥) which occur in the intermediate coupling (1, 2)
and which have signatures (7, 1), (6, 2), and (5, 3), respectively. Finally, if we use
the coupling schemes (1, (2, 3)) or ((1, 3), 2), then the quadratic Casimir operators
C,; or C,; have eigenvalues 42, 30, and 22 which correspond to the representations
of GL(2, €) which occur in the intermediate coupling (2, 3) or (1, 3) and which
have signatures (6, 0), (5, 1), and (4, 2), respectively. As we can see either one of
these schemes can be used to completely break the multiplicity of (7, 3, 0) which
equals the number of distinct eigenvalues of the quadratic Casimir operators C,,,
C,3, or Cy3 of GL(2, ¥). This optimal situation also happens with all irreducible
representations which occur in this tensor product decomposition. Conforming to
the notation of Section 2, we set

730
x=(7,3,0), X=(73), monen's  1<ikI<3,
7

where n corresponds to the coupling scheme ((1, 2), 3) and the index i ranges over
the eigenvalues 56, 44, and 36 of the Casimir operator C,,. The label ' (resp. ")
corresponds to the coupling scheme (1, (2, 3)) (resp. ((1, 3),2)) and the index k
(resp. I) ranges over the eigenvalues 42, 30, and 22 of C,; (resp. C;). Below are

matrices of Racah coefficients ((y, X, 'r7,f|x, X, n:>), (Kx Xomilx X,n/">), and
K6 Xondla Xon!' ).

| & -G @) [ & &7 @]

and
3
G Lt
(" -3 (@
O

We conclude this section by exhibiting some Clebsch-Cordan coefficients computed
by SMP. We consider the Clebsch-Gordan coefficients of the highest weight vectors
of the three copies of the irreducible representations with signature (8, 2, 0) which
occur in the tensor product H* %2 If
h(4,0,0) ®h(4,0,0) ®h(2,0,0)
(klho) (kzlzo) (k3130)
denotes a general nonnormalized tensor basis element, then a consideration of the

weights shows that a necessary condition that the Clebsch~-Gordan coefficients of
this basis element with the highest weight vector aboVe be nonzero is that

L+bL+15,=8 and k=4 k=4 k=2 (6.7)
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From Eq. (6.7) we see that the only tensor basis elements of interest are

4, 4,0, 0 ,0
( 00)®h(4 0,0)®h(2.0.0) h( 0)®h(40 )®h(20 )

(4 10 I G0 T s (0 T TR0
400) (4,0,0) (2,0,0) 400) (4.0,0) (200)
0 &N 0y ®hz 0y s oy ®his oy @Az oy

(400) h(40,0) h(zoo) (400) h(ao,O) h(zoo
hd oy @ oy ®hz 0, ha oy @k oy @RS oy (68)

An explicit expression of a basis element can be easily computed; for example,

f40.0) h(4 0.0) o 1(2.0.0)
ha oy @ hd 0y ®hea o)

corresponds to
231212251231 23, in H**2(%3%).
Conforming to the notation of Section 3, Eq. (3.4), we set

820
(m)=(8,2,0), X=1{ 82 1,
8

(M)=(4,0,0), (M;)=(4,00), (M;)=(2,00),

X, successively takes the values given by the Gelfand labels in the ith basis elements
in the tensor basis elements of Eq. (6.8), 1 <7< 3. For n we use the coupling scheme
((1,2), 3) and #; represents the jth highest weight vector (1 <;j<3) of (8,2,0) in
this coupling scheme. Then the Clebsch—Gordan coefficients for the six tensor states
given in Eq. (6.8),

<wxxm

{Z (M), X,}>, 1</j<3,

=1
are given by
0,0, 0@ -HE 0@ (R
@ - @S 3R DM (k)

7. CONCLUSION

We have shown how to compute Clebsch-Gordan and Racah coefficients for
n-fold tensor products of certain representations of U(N). What is unusual about
our method is that the coefficients are not given as a closed-form expression; rather
they are given via a procedure for calculating each desired coefficient, by
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associating polynomials with basis states and then differentiating these polynomials
in a specified way.

The procedure for obtaining Racah or Clebsch-Gordan coefficients can be sum-
marized by the following steps. First, given an irreducible representation
(M, 0, ..., 0) of U(N), the basis state |(M, 0, ..., 0), XD, where X is a basis label, can
be realized by the polynomial p,, x, given by Eq.(2.2). An n-fold tensor product
of representations (M,,0,..,0)® --- ® (M,, 0, .., 0) can then be realized as poly-
nomials in nx N complex variables; the tensor space H'™-™» is defined in
Eq. (3.1) and a basis in this space is given by products of polynomials of the form
given in Eq. (2.2).

We assume that the number of times a representation y occurs in HMt-Mn) jg
known (this is the Clebsh-Gordan series problem; there are a number of ways of
obtaining the multiplicity, see Refs. [13, 147]). The problem is to find a polynomial
realization of the state |y, X,#n)», where # labels the multiplicity, for then
Clebsch-Gordan coefficients are given by

<x, X,n

where (-,-) is the differentiation inner product defined in Eq. (2.1). Thus, if the poly-
nomial realization of |y, X, n) can be calculated, finding Clebsch-Gordan (and
similarly Racah) coefficients has been reduced to differentiating polynomials, a job
well suited for a symbolic manipulation program.

For the U(N) groups the irreducible representations y are specified by the set of
integers (m,, .., my) and the irreducible representation spaces V™ can be realized
as polynomials over N x N complex variables, as shown in the discussion preceding
Eq. (2.1). Such a characterization of U(N) representations is basis independent; we
have assumed in this paper that polynomials in V'™ corresponding to the basis
labels X are known. How this correspondence is given is discussed in Refs. [4, 6].
An example is the Gelfand—Zetlin basis, briefly discussed at the end of Section 2.
For Racah coefficients there is no basis problem, as such coefficients are basis
independent. Then the polynomial in ¥ can conveniently be chosen as the
highest weight polynomial, n'™(b(z)).

Assuming that |(m), X) can be realized as a polynomial in V'™, we want to map
this polynomial into H'*’. This is done with the help of the left action differential
operators defined in Eq. (3.3); these operators commute with the U(N) action and
hence do not alter the basis labels of the state |(m), X ). The map from V™ to H'™
is in general not unique; the number of linearly independent elements in H* that
can be mapped from a given element in ¥ is just the multiplicity, i.., the number
of times the representation (m) occurs in the n-fold tensor product.

The elements thus mapped into H'* are linearly independent, but not in general
orthogonal. A general way of obtaining elements orthogonal in the multiplicity
label is to have the multiplicity label be the eigenvalue of some operator. In this
paper we have chosen the Casimir operators that represent stepwise coupling

n

[

i=1

(M, 0..,0), Xi> = (P|1,x,n>, Pn|M,x,>),
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schemes to generate an orthogonal set of elements in H'*, 1t is easier to work with
the left action Casimir operators, so the operators defined by Eq. (4.5) are used to
find the desired orthogonal eigenvectors.

To summarize, the symbolic manipulation program has been used to:

(1) map the polynomials from V™ into H*" by using the left action differen-
tial operators;

(2) compute the eigenvalues and eigenvectors of Casimir operators. This
involves diagonalizing matrices whose size is equal to the multiplicity;

(3) compute the norms of the polynomials p, x.,, and pa,x,»; and

(4) compute the inner product of these two polynomials to get the
Clebsch—GorQan coefficient, or compute the inner product of p, x5 With p, x5
to get the desired Racah coefficient.

All of these four operations are simple in that they involve differentiating polyno-
mials in a certain way; but all these operations are ideally suited for a symbolic
manipulation program because the polynomials can be quite long and complicated,
and it is important to keep track of each term in the polynomial.

At present the four steps are all separate operations, carried out with the sym-
bolic manipulation program SMP on a VAX 11/780. We are developing programs
that will combine the four operations so that it is only necessary to type in data
such as the irreducible representations and the choice of basis and coupling scheme,
and the computer will then calculate the desired coefficients. The examples given at
the end of Section 6 have all used the steps listed above. The SU(2) examples
should be of particular interest as they involve stepwise coupling schemes not
ordinarily available in handbooks or calculated by summing over six or more
SU(2) Clebsch—Gordan coefficients.

The procedure just outlined has several advantages over the usual way of com-
puting Clebsch-Gordan and Racah coefficients. n-fold tensor products, where » is
greater than 2, are handled in the same way as the more usual two-fold tensor
products. Further, the basis used in the V™ space need not be related to the basis
in the n-fold tensor product space. For example, a basis for an SU(3) representation
in which labels come from the SO(3) subgroup may be chosen for the V'™ space,
while basis labels for the tensor product space could come from the U(2) subgroup
of SU(3). Obtaining the states |y, X, > as polynomials in H™’ involves diagonal-
izing a matrix with integer eigenvalues, whose size is given by the multiplicity of
the representations Finally, because we use the left Casimir operators, it is easy to
change stepwise schemes; this is particularly important for tensor products where n
is greater than 3.

Thus far we have considered only representations of U(N) of the form
(M, 0, ..,0) in the tensor product space; these representations are the simplest
generalization of SU(2) representations. How to deal with arbitrary representations
of U(N) in the tensor product space is the subject of a succeeding paper [9].
Basically, the idea is to write all representations (m,, .., my) as tensor products
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(m;,0,..,0)® --- ® (my, 0, .., 0) along with a “Borel” condition that singles out
the desired representation, and then use the ideas given in this paper. Such ideas
can also be used for the SO(N) and Sp(2N) groups.

Clebsch-Gordan and Racah coefficients can be thought of as special functions
related to group representations. Our long-term goal is to change the study of
special functions for the compact groups by giving procedures to a computer for
calculating the coefficients, rather than looking for their closed-form expressions.
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